The authors used epidemiologic data on tuberculosis to construct a model for the time delay from initial latent infection to active disease, when infection transmission occurs. They used case rate tables in the United States to calculate the fractional rate of change per annum (A) in the incidence of active tuberculosis. They then derived estimates for the effective reproductive number (R) and the cumulative transmission, defined as the number of people whom one infected person will infect in his or her lifetime and over many multiple successive transmissions, respectively. For A of -4 percent per year, the average US condition from 1930 to 1995, they estimate the reproductive number to be about 0.55 and the cumulative transmission to be about 1.2. The estimated rate of the new latent infections in the United States is 80,000 per year, the estimated prevalence of latent infections is 5 percent, and the number of transmissions of infection per active case is 3.5. From the model, the authors predicted active case rates in various age groups and compared them with published tables. The comparison suggests that the risk of activation decreases rapidly, then gradually, for the first 10 years after initial infection; the risk is relatively constant from 10 to 40 years and may decrease again after 40 years. The authors also discuss how this model can be used to help make decisions about tuberculosis control measures in the population. Am J Epidemiol 1998;142:398-406. epidemiologic methods; models, statistical; tuberculosis Tuberculosis is a chronic, relapsing infection that has been a major public health threat for most of this century (1). The epidemiology of the disease is complex and is not completely understood, which makes the planning of control measures difficult. To project the course of the disease in the future, we constructed a model to fit the available data. Population studies of tuberculosis have shown that the incidence generally has been declining since the industrial revolution (1). We use the symbol A to denote the fractional rate of change per year in the incidence rate of active disease. From 1900 to 1945 in the United States, in the era of sanitariums, there was a slow decline in the incidence of tuberculosis, with a value for A of -2 to -3 percent (2). In such an era, when A is constant over a long period, the incidence (p) and prevalence (P) of latent infection eventually decrease at the same fractional rate as
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The fractional change, A, can be calculated accurately from rate tables. It is more difficult, however, to measure directly the infectivity of each case. One measure of infectivity is the effective reproductive number, R, defined as the average number of secondary transmitted cases produced in a population over the lifetime of one infected individual (7-9). We consider the case where R is less than 1 and is constant over a long period. In this case, we can derive a relation between the numerical values of R and A. A major aim of our study was to present a table of values of R for tuberculosis that correspond to various constant negative values of A, including the present US value, as well as others. We then estimated the cumulative transmission (CT), which is defined as the total number of active cases over repetitive successive transmissions that ultimately result from a single original case. The estimate of CT can be used in decisionanalysis studies that evaluate the impact of tuberculosis control strategies. For example, for each case of primary infection that is prevented today, CT is the average number of infections that are prevented in the future via elimination of the cascade of repetitive successive transmissions. The calculation of R for a given value of A requires a mathematical model for the time delay T from the initial latent infection to active disease, followed by transmission to other people. One characteristic of tuberculosis is that the activation delay T can be short (less than 2 years) as well as long (more than 2 decades) (6, 10) . It is believed that the additional time delay from the development of an active case to the transmission of infection to other people is short, and we neglected it (6, 10) . We used epidemiologic data to construct a simple model for the delay function (1, 2, (10) (11) (12) . To validate our model, we calculated predictions for the prevalence P of latent infection and the incidence of active cases, as a function of age. We then compared the age-specific incidence with published case rate tables (5) . We suggest altered assumptions to correct some discrepancies. figure 1 .
MATERIALS AND METHODS

Fractional
Activation delay function, f la
For people initially infected at time t Xt we define a time-delay function/^ such that the probability that a surviving individual develops an active case in the time interval between (r, + T) and (f, + T + dr) is fijir. We assume that the initial development of latent infection coincides with the conversion from negative 400 Sal peter and Salpeter to positive tuberculin reaction (1, 11, 12) . We derive a mathematical model for the function/^(T) from data for different ranges of T:
1) The activation rate of tuberculin converters as a function of time T after a known contact has been followed up to 10 years; it varies little over the first year, then decreases rapidly (1, 11, 12) . We estimate/^ to have an integral of 3.6 percent for the first year, 2 percent for the second year, and 1.6 percent for the third and fourth years combined. We define T < 2 as the near infections.
2) The decrease in/ to slows greatly, with an activation rate of 0.1-0.2 percent per year for T of 10-20 years (1, 10, 11); / te extends to r well above 20, but the exact extent is not known. In our model, we assume that the intrinsic / to is constant for all T > 10, where intrinsic refers to individuals who survive beyond T (7-9).
The delay function for transmission of infection that appears in our equations is a population average, defined as the product of the intrinsic delay function and a life-expectancy survival function /(T). This survival function is the probability that death due to the disease or from any other cause occurs more than T years after the initial latent infection, averaged over different age groups at the time of infection. For a given initial age, we obtained the survival function directly from population life-expectancy tables (5, 13). It is not known whether the infection probability depends strongly on age, and we assume that it does not. The average l(r) is then close to that for an initial age of about 30 years. The function /(T) has nonlinear behavior; / remains approximately equal to 1 for T up to 30 years (for age about 50 years), decreases to about 0.3 at T = 50 (for age about 80 years), and then decreases more and more rapidly. In our model, we use the form given in appendix 1 for /(T) between r = 30 and 50 years and / = 0 for T > 50 years.
Instead of a discontinuous separation between near and far infections, we use a continuous function/^(T). Data suggest that the integral of/ to (T)/(T) for all T > 2 is about 1.5 times the near infection integral from T = 0-2 (14, 15) . We obtain this factor by using/^ = 0.16 percent per year for all T > 10 years. The analytic expressions in various ranges of T, given in appendix 1, allow a comparison between individual values of the function and its integral over various ranges. Examples are given in table 1; fjii) is plotted in figure 2 . Functions with shorter and longer tails, for use in a sensitivity analysis, also are described in appendix 1. 
Transmission delay function, f n
The effective reproductive number, R, for disease transmission is defined as the average number of secondary infectious cases, produced in a population where a fraction X is susceptible, over the lifetime of one infectious individual (7) (8) (9) . It is related to the basic reproductive number R o by R = R 0 X. We denote by N the effective number of latent infections produced in the population by one infectious individual. The ratio RIN is equal to the lifetime activation fraction from one latent infection, which is the integral of fijj) over all T. We assume that this integral and the average N do not vary with calendar time, so R also is equal to the number of secondary latent infections per one initial latent infection.
We denote by fjj) the intrinsic delay function from initial latent infection to transmission to other people Am J Epidemiol Vol. 142, No. 4, 1998 in the population. As noted above, we neglect the time interval between activation and transmission, so T is the same variable in both./;, and/j a . The ratio, N, could depend on T, but it is not known whether it increases or decreases; we assume that N = fi,( T Wi a (. T ) is a constant. The population average function/is then^r)
Effective reproductive number, R Let X(t) be the fraction of the population that is infection free at calendar time t, so P(t) = 1 -X(t) is the prevalence of latent infection averaged over the population. Let p o (t)dt be the probability that a person who is infection free at time t is infected by time (/ + dt). Studies indicate that infection confers immunity and that reinfection is negligible, so X(t) is the susceptible fraction of the population (16, 17) .
(t) = p o (t)X(t) and R(t) = R^(t)X(t).
Appendix 2 derives an integral equation for p(t) that characterizes the succession of infections for general values of X{i), R^t), and R(t). If R(t) is equal to a constant R over many decades (even if R o and X vary slightly), the result is an exponential solution for the effective incidence,
The constant A in this expression-a fractional rate of change per year-is related to the constant R by a ratio of integrals:
The calculation of R for a given value of A requires only the shape of the delay function, since a constant multiplying factor for / will cancel out on the righthand side of the equation. We can therefore use/, a / or its normalized form. Equation 2 shows that R < 1 when A is negative, R > 1 when A is positive, and R = 1 for the steady state of A = 0. When R is constant, the fractional rate of change A should be the same for the incidence of latent infection and for active case rates, averaged over the whole population.
CT
We have defined CT to be the total number of cases of latent infection, over many repetitive successive transmissions, that are caused by a single primary infection. We assume that R remains constant and less than 1 over a long time, so the number of infections from a single direct transmission is /?, that from two successive transmissions is R 2 , and so on. Since R < 1, the effect of one individual primary infection dies out after a finite number of successive transmissions, but, for the population average, we simply obtain higher and higher powers of R. The total (CT) is then the infinite sum (R + R 2 + R 3 + ...), which can be evaluated analytically to give CT = RI(\-R).
(3)
In the steady state, produced by constant R, CT is also the total number of additional active cases resulting from one initial active case.
The distribution of time delays T for R is given by the function J{T), which is independent of the value of R. The value of CT = R + R 2 + R 3 ... is larger than R alone and the distribution of delays T is different for the higher terms (e.g., for the R 2 second-order infections, T is the sum of two individual time delays T X and T 2 ). Numerical integration gives the distribution separately for the second term, third term, and so on; for a given value of R, we can collect the terms to give the overall delay distribution corresponding to CT. We have done so, carrying to four successive terms, since the further omitted terms contribute a negligible number of cases.
Prospective and retrospective predictions
The time-delay function predicts forward from latent infection now to active disease and infection transmission some time T later. Long-term prospective studies of known contacts give direct information for this forward prediction. In particular, it has been estimated that 40 percent of tuberculosis cases develop within the first 2 years (14, 18) . Retrospective studies of active cases infer backward to the initial infection some time T ago (14, 15, (18) (19) (20) . Studies in the 1980s estimated that 7.5-11 percent of new cases had become infected within approximately 1 year (14, 15, 18) . Adjusted for a 2-year definition of near infections, this estimate would be about 14 percent. Studies from the early 1990s estimated a retrospective near fraction of 30-40 percent (19, 20) . The predicted prospective fraction of near infections is simply the fraction of the integral oiJ[T), which comes from T = 0-2. We chose / to make this fraction 40 percent. In an era when R and A were constant for a long time, the incidence of latent infection at some time T years ago was larger than today by a factor exp(-AT). We can thus make model predictions for the retrospective fraction of transmissions from near infections by evaluating the integral of the product y(r)exp(-AT). We evaluated these predicted fractions for various negative values of 
Predictions of age-dependent prevalence and case rates
We assume that R and A are constant with calendar time t, so the incidence of latent infection p{i) is given by equation 1, and we assume that this rate is independent of the age of the individual to be infected. We obtained the present prevalence of infection P for a cohort of present age a by integrating, from birth to the present, an integral equation for PJf), the prevalence of that cohort at calendar time t. This equation
is of the form dPJdt = [p(t)/X(t)][l -P a {f)], where X(t)
is the population average of 1 -P a . For any assumed values of p(0) and A in equation 1, the integrals can be evaluated.
The predicted incidence of present active cases C a in a given age group is obtained by the integral from birth to the present of another expression: 
fl + t)[p(t)/X(t)Jl -P a {t)\ (4)
For equation 1, we assumed A = -0.045 since 1953 and A = -0.03 before 1953. The survival function /(T) is not used in this integral, since we single out those individuals who have survived to age a, but we need to average over the age distribution to obtain the overall case rate for the present population. The value of p(0) is not known directly, but the active case rates for different age groups in 1995 have been published (5) . We found that a value ^(0) = 3 X 10~4 is required to give a predicted model case rate in agreement with the average observed rate for the age group 5-44 years. Using this value, we calculated predicted case rates for other age groups and predicted prevalence P a . over several years, with, on average, one quarter of the cases occurring at each of 1.2, 7.3, 22.7, and 44 years.
RESULTS
R and CT as functions of
The values for R, CT, and N are given in table 2. In our sensitivity analysis for A = -0.04, R ranges from 0.4 to 0.7; for A = -0.055, the range for R is 0.3 to 0.5. Table 2 gives the model predictions for the retrospective fraction of active cases today that resulted from an original latent infection within the past 2 years. For most of this century, when the average value of A was -0.04, the model retrospective near fraction was 22 percent. In our model of the timedelay function, the prospective near fraction-the fraction of latent infections today that will activate within the next 2 years-is 40 percent. The total lifetime risk for activation is 16 percent.
Prospective and retrospective predictions
Prediction of age-dependent prevalence and case rates
Our model calculations and the integration of equation 4 lead to the predicted prevalence of latent infections and case rates of active cases, given in table 3. 
Mathematical Mode) for Tuberculosis 403
The model assumed that the incidence of infection and of activation do not depend directly on age and that fiair) is constant for all T > 10 years. The resulting predicted case rates are less than actual reported case rates for children under age 5 years and are greater than reported cases for people over age 65. We have repeated the calculations for a modified model, where fijj) decreases 10 percent per year for T > 40 years. The modified predicted case rates, also given in table 3, are essentially unchanged for the first three age groups, but the discrepancy for the old age group is removed.
From the age-specific predictions in table 3, we generated population average predictions, using the known age distribution of the population (5, 13). Several of these predictions for the total US population are given in figure 3 . The model estimates the average prevalence of latent infections in the US population in 1995 to be 5 percent, which correlates well with published estimates of 4-6 percent (15) . The model requires an incidence of 78,000 new latent infections per year, as a result of direct transmission from active cases, to give 23,000 new active cases per year, in agreement with the reported case rate. Of the new latent infections, about 4 percent will activate in the first year and 2 percent in the second year. Of the large pool of remote infections, 0.17 percent activated in 1 year. Of the total active cases, 78 percent came from remote infections.
DISCUSSION
We used epidemiologic data on tuberculosis to construct a model for the time delay from initial latent infection to active disease and infection transmission. We used US case-rate tables to calculate the fractional rate of change per annum (A) in the incidence of active tuberculosis. We then estimated the effective R and the CT, defined as the number of people whom one infected person will infect in his or her lifetime and over many multiple successive transmissions, respectively. For A of -4 percent per year, the average US condition from 1930 to 1995, we estimate R to be about 0.55 and CT to be about 1.2. It is interesting to note that Comstock (21) had given similar estimates for R and CT, that of 0.5 and 1, respectively.
CT is of interest when we evaluate the impact on society of tuberculosis chemoprophylaxis or of other control measures that are planned for the population. Since control measures usually reach only a fraction of the population, R and CT do not change rapidly. In such a situation, when one primary infection is reversed, CT additional infections are prevented without the cost or side effects of treatment (21, 22 Other authors have examined the qualitative difference between retrospective and prospective estimates of near and distant infections (1, 4) . With our model of the time-delay function, we can now estimate quantitatively the contribution of near and distant infections. We predict that, of all the new infections today that will eventually become active, about 40 percent will activate within the first 2 years. Because of the larger prevalence of tuberculosis infections in the distant past, we estimate that, of all active new cases in a calendar year, a smaller fraction resulted from an original infection within the past 2 years. In 1985, this fraction was 15 percent, and in 1995, it was 22 percent.
DNA-fingerprint studies of cases in New York City and in San Francisco near the height of the recent epidemic, when A became positive, estimated a 30-40 percent contribution from near infections (19, 20) . Similar DNA-fingerprint studies, repeated now that the tide has been turned, and performed throughout the United States, will presumably estimate a smaller contribution of near infections (23) . The effects of human immunodeficiency virus infections on tuberculosis are complex (24) . Nevertheless, it is likely that increases in drug resistance and immigration led to the rise in R in the late 1980s and that health-control measures decreased R again in the 1990s (22, 23, (25) (26) (27) . During this time, the fractional change in incidence, A, became positive for a while and men became negative again (figure 1). Table 2 gives a translation from A to R for conditions in which both stay constant for a long time. However, in periods when R changes rapidly, one cannot make a direct translation from A to R. Nevertheless, since A has remained negative since 1993, we assumed that R has returned to a value near 0.55, the average since the 1930s.
Our model has enabled us to estimate several parameters of the epidemiology of tuberculosis in the United States today, including the predicting of case rates for different age groups, which can be compared with previously published estimates (5, 14, 15) . Our model for activation delay assumes that/^Cr) is not directly dependent on age and that it remains constant for surviving individuals for all r > 10 years. Table 3 illustrates that the model correlates well for ages 5-44 years. It underestimates case rates for children under age 5 years, possibly because their immature immune systems confer an increased risk for activation. The model overestimates case rates for people over age 65 years; that discrepancy could also be an age-specific effect or could be the result of inaccurate assumptions about fiJj) at very large time delays. If calculations are done with/^ gradually declining for T > 40 years, the strong discrepancy for age over 65 years and the weaker one for 45-64 years are removed without affecting case rates for the younger age groups. This result suggests that, for those people who have been tuberculin reactors for over 40 years, the average risk for tuberculosis activation will decrease with advancing age. This assumption could be validated in the future if age-dependent case rates for the elderly were tracked.
For our model, we assumed that the prevalence of latent infection is equivalent to the prevalence of tuberculin reactors. These values may differ because of false-positive or false-negative reactions. However, a constant ratio between the two would affect neither the shape of our model function nor the value of R in equation 2. The reported prevalence in small subgroups in the United States ranges from 2.5 to 40 percent. It was estimated by the Centers for Disease Control and Prevention to be 4-6 percent for the United States as a whole, in good agreement with our model prediction of 5 percent (15, (28) (29) (30) (31) . Another assumption of our model is that the actual tuberculosis case rates are equal to the reported case rates, but these rates may not be exactly the same if there is significant underreporting (32) .
Tuberculosis, despite its complex and insiduous nature, is a curable and preventable infection (10) . To understand the course of the disease, we have constructed a model by using available data. We then used the model to estimate epidemiologic parameters that are in good agreement with published reports. We can now use the model to help us make decisions about tuberculosis control measures in the future. 
